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INTRODUCTION.
Let M and B be Riemannian manifolds. A Riemannian submersion it : M -> B is a mapping of M onto B satisfying the following two axioms:
(51) 7T has maximal rank; (52) the differential •n, preserves lengths of horizontal vectors.
The mappings between Riemannian manifolds satisfying these two axioms were studied by Nagano in [10] in terms of fibred Riemannian manifolds. In particular, he derived the fundamental equations analogous to Weingarten's formulas for Riemannian submanifolds. O'Neill further studied such mappings in Let H and V denote the projections of tangent spaces of M, onto the subspaces of horizontal and vertical vectors, respectively. We use the same letters to denote the horizontal and vertical distributions.
B.-Y. Chen [2] Associated with a Riemannian submersion TT : M -» B, there are two natural (1,2)-tensors T and A on M defined as follows:
For vector fields E, F tangent to M, the tensor T is defined by (see, for instance, [11] ):
(1.1)
T E F = UV VE {VF) + VV HE {HF).
The other tensor A, known as the integrability tensor, is defined by
In particular, for any horizontal vector field X and any vertical vector field V, we have
It is well-known that, for horizontal vector fields X, Y, the tensor A has the alternation property:
Associated with each Riemannian submersion TT :
where Xi,...,X b are orthonormal basic horizontal vector fields and Vb+i,... ,V m are orthonormal vertical vector fields on M. It is easy to verify that A v is well-defined. It is easy to see that a Riemannian submersion n : M -> B has totally geodesic fibres if and only if T vanishes identically.
By applying an idea from [4, 5] , the following inequality was established in [6] . Identifying the leaves as points we obtain the quaternionic projective fc-space QP k which can be made into a Riemannian submersion:
by taking as the horizontal distribution, the orthogonal complements to J\z, J 2 z, J 3 z in TS ik+3 . Fibres of n Q are totally geodesic 3-spheres in 5 4fc+3 . The projection (1.9) is also known as the Hopf fibration.
The following result shows that there exist many Riemannian manifolds which admit Riemannian submersions with totally geodesic fibres and which also admit isometric immersions satisfying the equality case of (1.6) identically into some unit spheres. THEOREM 
.
We have: 
Let 7T : M ->• B and TT' : M' -¥ B' be two Riemannian submersions with totally geodesic fibres. Then n and it' are said to be equivalent provided there exists an isometry / : M -> M' which induces an isometry fs '• B -» B' so that the following diagram commutes (see [7, 8] 
B -^2-» B< As a converse to Theorem 1, we have the following. 
THEOREM 2 . Let w : M ->• B be a Riemannian submersion with totally geodesic fibres. Then we have:
Since B is totally gedoesic in QP k , the inclusion map LQ : ir^iB) -¥ S ik+3 is also totally geodesic. In particular, we have H = 0. Hence, we may conclude from (2.6) that the equality case of (1. for each unit horizontal vector X on M. Moreover, we know that the equality sign of (3.1) holds if and only if JX is a horizontal vector on M. Now, suppose that the imbedding <j>: M -> 5 2 n + 1 satisfies the equality case of (1 .6) identically. Then we obtain from (1.5), (1.6) and (3.1) that (a) M is imbedded as a minimal submanifold of S 2 n + 1 and
Since Thus, for any unit horizontal vector X, we obtain from (1.3) that
We also know that the equality sign of (3.3) holds for each a € {1,2,3} if and only if each J a X is a horizontal vector on M.
Now, suppose that <j> : M -* S* k+3 satisfies the equality case of (1.6) identically.
Then it follows from (1.5), (1.6) and (3.3) that M is imbedded as a minimal submanifold of 5 4 * + 3 ; moreover, the horizontal distribution H on M is invariant under J\, J 2 and J 3 .
Since Let e\ be a unit vertical vector field and e 2 be a unit horizontal vector field on M. Then, it follows from the totally geodesy of fibres of TT that V e ,ei = 0. On the other hand, it follows from (1.2) and (4.6) that we also have V e2 ei = ± e 2 . By applying these we obtain G = (ii(e 2 l ei)ei,e 2 ) = -1 which is a contradiction. Therefore, we obtain statement (1) of Theorem 3. D
Obviously, SB.-Y. Chen [10] Since the submersion has totally geodesic fibres, we have Since the inequality (1.6) is an equality, we obtain from (4.4) and (4.6) that 11^x11 = ||^, ei || = l .
Thus, by applying (5.4) and (5.5), we find V e2 e! = ±e 3 , V e3 ei = ^e 2 .
Without loss of generality, we may assume that (5.6) V e2 e, = e 3 , V ei e x = -e 2 .
Hence, by combining (5.3), (5.4) and (5.6), we obtain V e ,ei = 0, V e ,ei = e 3 , V e3 ei = -e 2 , (5.7) V e j e 2 = y , V e ,e 2 =-e 3 (lnA)e 3 , V e3 e 2 = ej --e 2 (lnA)e 3 , V e j e 3 = -y , V e2 e 3 = -e i --e 3 (lnA)e 2 , V e3 e 3 =-e 2 (lnA)e 2 .
It follows from e\X = 0, (5.1), (5.7), and the equation of Gauss that the Riemann curvature tensor R of M 3 satisfies (5.8) 0 = 4< J R(e 1) e 2 )e 3 ,e 2 ) = e 2 (lnA).
Similarly, we find (5.9) 0 = 4(fl(e 1 ,e 3 )e 3l e 2 ) = e 3 (lnA).
It follows from e\\ = 0, (5. 
